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Nitrogen Nonequilibrium Vibrational Distributions
and Non-Arrhenius Dissociation Constants

in Hypersonic Boundary Layers

I. Armenise,* M. Capitelli,† and C. Gorse‡
University of Bari, Bari 70126, Italy

A ladder-climbing model including V – V (vibration – vibration) and V – T (vibration – translation) energy
exchange processes linked to state-to-state dissociation – recombination kinetics has been developed and
inserted in the � uid dynamics equations, describing the boundary layer surrounding a noncatalytic sur-
face hit by a hypersonic � ow of atomic and vibrationally excited molecular nitrogen. The results show a
strong overpopulation of vibrational levels with respect to Boltzmann distributions along the coordinate
perpendicular to the surface and the corresponding non-Arrhenius behavior of dissociation constants.

Nomenclature
B = kinetic terms
Cv = rv(h)/r(h)
C 9, C 0v v = � rst and second derivatives with respect to h
cp = speci� c heat at constant pressure including only

rotational and translational degrees of freedom
Ev = vibrational energy of the vth vibrational level
f (h) = stream function
k = Boltzmann constant

Nk d = pseudo-� rst-order dissociation constant involving
atom – molecule collisions

N2k d = pseudo-� rst-order dissociation constant involving
molecular collisons

N = nitrogen atom number density
N tot = gas total number density
N2(v) = number density of N2 vth vibrational level
P = V – V rate coef� cient
P1 = V – T atom – molecule rate coef� cient
P2 = V – T molecule – molecule rate coef� cient
pe = pressure
R = gas constant
T = translational gas temperature
Te = temperature at the edge of the boundary layer
Tw = wall temperature
T1 = vibrational temperature of levels 0 and 1
ue = longitudinal speed at the edge of the boundary layer
V – T = vibrational – translational energy exchange

process
V – V = vibrational – vibrational energy exchange

process
v = vibrational level of N2 ground electronic state
v9 = last bound vibrational level of N2 ground

electronic state
b = due/dx, velocity gradient along the surface
h = body-normal coordinate
u = T(h)/Te

u9, u0 = � rst and second derivatives with respect to h

Received June 14, 1996; revision received March 20, 1997; ac-
cepted for publication May 27, 1997. Copyright Q 1997 by the Amer-
ican Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Researcher, Department of Chemistry, Centro di Studio per la
Chimica dei Plasmi del CNR. Student Member AIAA.

†Professor, Department of Chemistry, Centro di Studio per la
Chimica dei Plasmi del CNR. Associate Member AIAA.

‡Professor, Department of Chemistry, Centro di Studio per la
Chimica dei Plasmi del CNR. Member AIAA.

rv(h) = local mass density of molecules in the vth
vibrational state

r(h) = local total mass density

I. Introduction

T HE possibility of a non-Arrhenius behavior of diatomic
molecules’ dissociation constants under nonequilibrium

conditions was shown many years ago by our group,1,2 this
behavior being essentially a result of two mechanisms.

The � rst one is a consequence of the so-called V – V up-pump-
ing mechanism that is able to create strongly nonequilibrium
vibrational distributions of diatomic molecules. This mechanism
is as important as the T1/T ratio between the vibrational tem-
perature of the 0 – 1 levels and the translational one. These con-
ditions can be created in low-pressure electrical discharges.Free
electrons pump vibrational energy into the low-lying vibrational
levels of the molecule, while V – V energy exchange processes
redistribute the introduced quanta over the whole vibrational
ladder of the molecule ending into the continuum. Similar con-
ditions can be obtained in arc-expanding � ows.

The second mechanism that can generate strongly nonequi-
librium vibrational distributions is the recombination process
of atomic species. In this case, during the recombination pro-
cess, the vibrational levels near the continuum are preferen-
tially populated, while V – V and V – T energy exchange pro-
cesses redistribute the introduced quanta as discussed earlier.
Highly nonequilibrium vibrational distributions can be ob-
tained in this case too, thus determining favorable conditions
for the dissociation. This mechanism, called the recombina-
tion-assisted dissociation process, can generate a non-Arrhe-
nius behavior of the dissociation constant.

In both cases, a ladder-climbing model including the
dissociation – recombination process was used to emphasize the
non-Arrhenius behavior of the dissociation constants.

More recently, Doroshenko et al.,3 Armenise et al.,4,5 and
Colonna and Capitelli6 developed a � uid dynamic code for N2

to show the possibility of the occurrence of nonequilibrium
vibrational distributions in the boundary layer surrounding a
body � ying at hypersonic velocity. The model adopted in Refs.
3 – 6 differed from that used in Refs. 1 and 2 because of the
different treatment of the dissociation – recombination process.
In the approach followed by Doroshenko et al.3 and by Ar-
menise et al.4,5 the recombination – dissociation process was in-
serted in the vibrational master equation essentially as selective
pumping to levels v = 25 and 45, i.e.,

N 1 N 1 M ® N (v = 25) 1 M2

N 1 N 1 M ® N (v = 45) 1 M2
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The recombination rate was attributed for 1/4 to v = 45 and
for 3/4 to v = 25, the two factors being linked to the statistical
weights of the ground electronic state (X1(g) and to the � rst
electronic state of nitrogen (A3(u). The last electronic state is
resonant with level v = 25 of the ground state.

This approach, while generating nonequilibrium vibrational
distributions, is not able to evidence the non-Arrhenius behav-
ior of the dissociation constants. In the approach, the dissoci-
ation rate was obtained by experiments carried out under equi-
librium conditions, while the recombination was obtained by
detailed balance using the equilibrium constant.

To show the non-Arrhenius behavior of the dissociation con-
stant, we return to our previous model, the ladder-climbing
one, which appears more appropriate to reach this goal. This
model will therefore be inserted in the previous � uid dynamic
code, describing the kinetics in the boundary layer of a hy-
personic � ying body. The results for the vibrational distribu-
tions will be compared with those recently obtained by Ar-
menise et al.,4,5 using the recombination selective pumping to
assess the reliability of the present and past results.

II. Ladder-Climbing Model
for the Dissociation Process

We assume that the dissociation of N2 occurs through the
excitation of the vibrational ladder of the molecule ending in
the dissociation continuum represented by a pseudolevel (v =
46 in our equations), located over the last bound vibrational
level (v9 = 45) of the molecule. The following processes are
then responsible for the dissociation.

V – T molecule – molecule energy exchange processes:

N (v9 = 45) 1 N ® N (46) 1 N ® N 1 N 1 N (1)2 2 2 2 2

V – T atom – molecule energy exchange processes:

N (v) 1 N ® N (46) 1 N ® N 1 N 1 N (2)2 2

V – V energy exchange processes:

N (v) 1 N (v9 = 45) ® N (v 2 1) 1 N (46)2 2 2 2

® N (v 2 1) 1 N 1 N (3)2

The dissociation rate is then written as

dN(46) 45,N= P N (45)N (w) 1 P2 N (45)Nw,w21 2 2 45,N 2 2Odt w

1 P1 N (w)N = k N (4)w,N 2 d totO
w

where the � rst term is the contribution of V – V processes,
whereas the other two terms are the contributions coming from
V – T processes from molecules and atoms.

In Eq. (4), P, P2, and P1 are the rate coef� cients linking
the wth level with the continuum [N2(v = 46) = N].

We separate the contributions coming from molecules and
atoms, i.e., we study the two reactions separately:

N 1 N ® 2N 1 N (5)2 2 2

N 1 N ® 3N (6)2

In the � rst case, we solve the vibrational master equation of
nitrogen only in the presence of nitrogen molecules, while in
the second case, we solve the vibrational master equation in
the presence of a large quantity of atomic nitrogen. We can
de� ne a pseudo-� rst-order dissociation constant from mole-
cules as

45,NP N (45)N (v)v,v21 2 2O P2 N (45)Nv 45,N 2 2N2k = 1 (7)d
N Ntot tot

and from atoms as

P1 N (v)Nv,N 2O
vNk = (8)d

Ntot

To obtain the two constants, we must know the concentra-
tion of all vibrational levels including the last bound one (v9
= 45), together with the relevant rate coef� cients connecting
bound levels with the pseudolevel. These rates have been ob-
tained by extrapolating bound– bound rates to the continuum.
This procedure probably underestimates the rates.

To calculate the population densities, we have coupled the
equation for the pseudolevel with the system of vibrational
master equations giving the temporal evolution of each vibra-
tional level under the presence of V – V and V – T energy
exchange processes.1,2

We start the integration of the system of � rst-order-differ-
ential equations with all molecules concentrated in v = 0. Then,
V – V and V – T energy exchange processes propagate the vi-
brational quanta over the whole vibrational manifold, ending
in dissociation. A time-dependent dissociation constant can
therefore be calculated: at the same time, a quasistationary
value of dissociation constant can be de� ned when the disso-
ciation constant reaches a plateau. This point can be under-
stood from Figs. 1a – 1d, where we have reported the behavior
of . The quasistationary distributions, i.e., the distributionsN2k d

in the plateau regime, for the different gas temperatures satisfy
Boltzmann distributions, a result well known for thermal con-
ditions: only small deviations of the upper levels from Boltz-
mann distributions can be observed as a result of the depop-
ulation of higher vibrational levels by the dissociation process.
Similar results hold for .NK d

The pseudo-� rst-order quasistationary dissociation constants
are then reported against 1/T in Figs. 2a and 2b, obtaining an
Arrhenius behavior for the dissociation rate constants induced
by molecules (Fig. 2a) and by atoms (Fig. 2b). In the same
� gures we have also reported the corresponding experimental
results recommended by Doroshenko et al.3

The theoretical results have been � tted by the following
equations:

N 5 3 21K = exp(222.18) 3 exp(21.0928 3 10 /T ) cm s /particleD

(9)

N2K = exp(224.745) 3 exp(21.1124D

5 3 2 13 10 /T ) cm s /particle (10)

Our dissociation constants underestimate the experimental
dissociation constants by two orders of magnitude. This point,
however, deserves some comments. The accuracy of experi-
mental data for nitrogen dissociation is still an open problem,
as can be understood by comparing the different experimental
data.7 From a theoretical point of view, the ladder-climbing
model is an oversimpli� cation. The corresponding results
strongly depend on the used V – V and V – T rates. A better
agreement with the experimental results was found by using
another set of V – V and V – T rates.8

The weakness of the ladder-climbing model is that only tran-
sitions involving the last bound level of molecule will result
in dissociation. This point could be eliminated by imposing the
dissociation limit decreased by kT as a last bound vibrational
level. Results from this new model have been � tted by the
following equations:

N 5 3 2 1K = exp(219.642) 3 exp(21.0 3 10 /T ) cm s /particleD

(11)

N2k = exp(219.845) 3 exp(21.048D

5 3 2 13 10 /T ) cm s /particle (12)
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Fig. 1 First-order dissociation constants vs time for the reaction N2 1 N2 ® N2 1 2N, with Ntot = = 7.250 3 1018 part/cm3, at differentNN

gas temperatures: a)1000, b) 4000, c) 7000, and d) 10,000 K.

These results also have been reported in Fig. 2, resulting in a
better agreement with the experimental values.

To summarize, we obtained two independent sets of theo-
retical dissociation constants to be joined to the experimental
values of Doroshenko et al.3

The three sets of values can be used in our previous model
(the model that selectively pumps levels v = 25 and 45),4– 6 for
checking the sensitivity of vibrational distributions to different
kd values (and, therefore, recombination rates).

Figure 3 reports the different vibrational distributions along
the coordinate h perpendicular to the surface for the same
external parameters. In particular, Fig. 3a reports the vibra-
tional distributions calculated with the dissociation constants
(the recombination constants are calculated by detailed bal-
ance) reported by Doroshenko et al.,3 while Figs. 3b and 3c
report the corresponding distributions calculated with the dis-
sociation constants from the ladder-climbing model (Fig. 3b)
and from the similar model cut at kT (Fig. 3c). Qualitatively,
the vibrational distributions present similar trends, in particu-
lar, showing a strong nonequilibrium character. The ladder-
climbing model provides vibrational distributions that are less
pumped than the other two models because of the lower dis-
sociation constants (and corresponding lower recombination
constants).

III. Insertion of Ladder-Climbing Model
in the Fluid Dynamics

In the previous section we calculated two different sets of
dissociation constants and compared them to experimental val-
ues. These sets have then been inserted in the � uid dynamic
model developed in Refs. 4 – 6 to study the sensitivity of vi-
brational distributions on the different sets of rate constants.
In all three cases, we have assumed that recombination occurs

on levels v = 25 and 45, this assumption determining the strong
peak at v = 25.

An alternative model would be to insert in � uid dynamic
equations’ source terms the complete dissociation – recombi-
nation model given by the ladder-climbing model. This inclu-
sion modi� es slightly the set of second-order differential equa-
tions: in particular, the relevant equation for atom formation
is replaced by a continuity equation for the pseudolevel while
the recombination is spread over all of the vibrational manifold
of the molecule, i.e., we reverse Eqs. (1 – 3) with the rate co-
ef� cients obtained by detailed balance (see Ref. 1 for the zero-
dimensional model).

The relevant sets of second-order differential equations4– 6

are written as

46

C 0 1 f 3 Sc 3 C9 = 2 B(v, i ) 3 C v = 0 4 46v v iO
i=0 (13)

Le 3 Ev
u0 1 f 3 Pr 3 u9 = B(v, i ) 3 CiO FO Gc 3 Tp ev i

where the � rst 47 equations are the continuity equations of the
bounded vibrational levels (v = 0 4 45) and of atoms (v =
46), whereas the last equation is the energy one.

Coef� cients appearing on the right-hand side of Eqs. (13)
read as

k,vB(v, k) = C P 1 P2 (1 2 C ) 1 2C P1w w,w21 k,v N N k,vFO
w

pe2 v2 1,v1 4 3 C P 3 3 AN N,45 GR 3 T 3 (1 1 C )N
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Fig. 2 Logarithms of pseudo-� rst-order quasistationary dissoci-
ation constants vs 1/T (calculated considering Ntot = 7.24 3 1018

part/cm3) for the reaction: a) N2 1 N2 ® N2 1 2N and b) N 1
N2 ® 3N.

if k < v and

k,vB(v, k) = C P 1 P2 (1 2 C ) 1 2C P1w w,w11 k,v N N k,vFO
w

45,N1 C P 3 A45 k,v G
if k > v

v,v11 w,w11B(v, v) = 2 C P 1 C Pw w,w2 1 w v,v2 1FO O
w w

1 (P2 1 P2 ) 3 (1 2 C ) 1 2C P1v,v11 v,v2 1 N N v,kO
k v¹

pe2 v,v111 4C P 3 3 AN N,45 GR 3 T 3 (1 1 C )N

2B(v, 46) = (1 2 C ) 3 2C P2 1 4C P1N N N,v N N,vF
46

pew2 1,w1 2C C P 3 3 AN w21 N,vO GR 3 T 3 (1 1 C )Nw=1

w,w1 1B(46, 46) = 2 C P 1 P2 3 (1 2 C )w 46,45 46,45 NFO
w

45

w,w111 2C P1 2 2C C PN 46,k N w N,45O O
k 46 w=0¹

pe
3 3 AGR 3 T 3 (1 1 C )N

where

Sc 3 pe
A =

R 3 T(1 1 C )bN

(subscript N is equal to 46).
Integration of the system of differential equations has been

performed under the same boundary conditions discussed in
Ref. 4, i.e., equilibrium composition for the N2/N system,
Boltzmann distribution for the vibrational distributions of N2

at the edge of the boundary layer (h = 4), and � xed temper-
atures at h = 4 and 0 (surface). Moreover, we have considered
noncatalytic walls for both atoms recombination and vibra-
tionally excited states deactivation.

Note that the equilibrium concentration of atomic nitrogen
at h = 4 at a � xed temperature approximately follows a 2 1/2pe

dependence on pressure, which can be used to estimate the
concentrations of N atoms in the � gures where this information
is absent.

Let us now examine the corresponding vibrational distri-
butions for � xed parameters. Figure 4 reports the vibrational
distributions along h for the same conditions of Fig. 3. These
distributions are very similar to those reported in Fig. 3b that
use the same set of V – V and V – T rates: the only difference
is represented by the lack of the peak at v = 25 in the new
model because of the more regular spread of vibrational quanta
by the recombination process.

Figure 5 reports the vibrational distribution for a higher
pressure and a higher b value: under these conditions more
important nonequilibrium vibrational distributions are devel-
oped near the surface (h = 0 represents the surface).

Again, we observe that the nonequilibrium vibrational dis-
tributions observed in all models are because of the recombi-
nation process. Solution of the � uid dynamic problem by com-

pletely neglecting the dissociation – recombination processes
yields vibrational distributions that closely follow Boltzmann
distributions at the local gas temperature. We must be aware,
however, that nonequilibrium vibrational distributions can also
occur in the boundary layer as a result of the so-called V – V
up-pumping mechanism. The conditions suitable for this mech-
anism occur when the surface is kept at a low temperature and
when the concentration of atomic nitrogen is not important.
The two conditions can be obtained by decreasing the tem-
peratures at the edge of the boundary layer and on the surface.
Figure 6 reports the nonequilibrium vibrational distributions
for Te = 5000 K and Tw = 300 K. Under these conditions, the
V – V up-pumping mechanism is able to create nonequilibrium
vibrational distributions. At higher Tw, the V – V up-pumping
mechanism is strongly reduced, while, again, the recombina-
tion of atoms produces the long plateau (Fig. 7).

IV. Dissociation Constants in the Boundary Layer
In the previous section we reported the vibrational distri-

butions of N2 along the coordinate h of the boundary layer,
emphasizing their strong nonequilibrium character. This means
that the dissociation constants should show a nonequilibrium
behavior along the same coordinate or equivalently along the
temperature corresponding to each h value.

This behavior can be appreciated in Fig. 8, where we have
reported the total pseudo-� rst-order dissociation rate constant,
i.e., from Eq. (4), vs 1/T in the boundary layer for the same
conditions previously discussed. We can see that in all cases
a non-Arrhenius behavior exists: in particular, dissociation
constants, starting from a given temperature, increase with de-
creasing gas temperature as a result of the nonequilibrium
character of vibrational distributions along h. These distribu-
tions are a consequence of the interplay of the recombination
processes and the V – V up-pumping mechanism, as well as the
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Fig. 3 CN vs h (upper curve) and Cv vs v at different h values
using a selective pumping model with Tw = 1000 K, Te = 7000 K,
pe = 1000 N/m2, and b = 5000 s21, and with a) Doroshenko et al.3

dissociation constants, b) dissociation constants from the ladder-
climbing model, and c) dissociation constants from the ladder-
climbing model cut at kT.

Fig. 4 Cv vs v at different h values using the ladder-climbing
model with Tw = 1000 K, Te = 7000 K, pe = 1000 N/m2, and b =
5000 s21.

Fig. 5 Cv vs v at different h values using the ladder-climbing model
with Tw = 1000 K, Te = 7000 K, pe = 105 N/m, and b = 105 s21.

Fig. 6 Cv vs v at different h values using the ladder-climbing
model with Tw = 300 K, Te = 5000 K, pe = 1000 N/m2, and b =
5000 s21.

Fig. 7 Cv vs v at different h values using the ladder-climbing
model with Tw = 1000 K, Te = 5000 K, pe = 1000 N/m2, and b =
5000 s21.

fact that, under the present conditions, the residence time (1/
b) is not suf� cient to thermalize the molecules.

In particular, the data reported in Figs. 8a and 8b are mainly
because of the recombination process followed by the redis-
tribution of vibrational quanta through V – T processes. The
results reported in Figs. 8c and 8d, which refer to a lower gas
temperature at the edge of the boundary layer and, conse-
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Fig. 8 Total pseudo-� rst-order dissociation rate constants for the same conditions of Figs. a) 4, b) 5, c) 6, and d) 7.

Fig. 9 Vibrational distributions (Fig. 9a) and pseudo-� rst-order
dissociation constant (Fig. 9b) along the normal to the surface,
calculated at Tw = 300 K, Te = 5000 K, pe = 1000 N/m2, and b =
5000 s21, neglecting recombination and V – V energy exchange pro-
cesses.

Fig. 10 Temperature gradient vs h . Tw = 1000 K, Te = 7000 K,
pe = 105 N/m2, and b = 105 s21.

quently, to a lower dissociation degree, are mainly because the
vibrationally excited molecules entering the boundary-layer
experience gas temperatures that decrease when approaching
the surface. These conditions are the ideal room to promote
the V – V up-pumping mechanism, where it is more effective
the lower the temperature on the surface (compare Fig. 8c and
8d). The effect of the recombination process in enhancing dis-
sociation rates is therefore not dominant in these conditions.

To better understand the role of 1/b in affecting the results,
we have repeated the calculations of Fig. 8c by eliminating
both recombination and V – V energy transfer, i.e., we are con-
sidering only V – T processes including dissociation. In this
case, we should expect Boltzmann distributions for the vibra-
tional distributions and an Arrhenius behavior for the disso-
ciation rates. This trend is partially veri� ed. In Fig. 9 we ob-
serve vibrational distributions that satisfy Boltzmann laws:
moreover, the pseudo-� rst-order dissociation rates follow an
Arrhenius behavior with two apparent slopes. Dissociation
constants do not increase with decreasing gas temperature.
This trend is because the � ow conditions do not allow the V – T
terms to reduce the vibrational distributions as Boltzmann con-
ditions do at the local gas temperature. A further augmentation
of the pressure tends to increase the Boltzmann character of
the rate constants.

It should be interesting at this stage to study the dependence
of temperature gradient on the selected model. In Fig. 10 we
reported these quantities calculated according to 1) the selec-
tive pumping model with experimental dissociation – recom-
bination rates, 2) the ladder-climbing model including dis-
sociation – recombination, and 3) the ladder-climbing model
neglecting dissociation – recombination. Large deviations near
the surface are observed for the results calculated according to
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assumptions 1 and 2. In particular, the temperature gradient
near the surface, calculated according to the selective pumping
model, is higher that the corresponding gradient calculated by
using the ladder-climbing model, while the reverse is true far
from the surface. The deviations are strongly reduced when
we compare the results obtained according to hypotheses 2 and
3. In this case, only near the surface do we obtain small dif-
ferences, thus implying that the heat transfer to the surface is
only slightly affected by the recombination – dissociation
model. This conclusion that applies to noncatalytic surfaces,
both to the recombination of atoms and to the accommodation
of vibrational energy in gas surface collisions, cannot be gen-
eralized.5

V. Conclusions
We have shown in the preceding text that strong nonequi-

librium vibrational distributions can arise in the boundary layer
surrounding a body � ying at hypersonic � ow, either as the
result of the recombination process or of the V – V up-pumping
mechanism. In the � rst case, these distributions depend on the
dissociation – recombination rates as well as on the adopted
model (ladder climbing or selective pumping).

Qualitatively, however, the distributions follow the same
trend, presenting a large nonequilibrium character near the sur-
face, i.e., at lower temperatures.

This behavior generates a strong non-Arrhenius behavior of
dissociation rates vs the instantaneous 1/T values met in the
boundary layer. This trend con� rms similar results obtained by
our group during the development of pure vibrational mecha-
nisms under electrical conditions.

We have also compared the new model with the old one,1– 5

obtaining results in qualitative agreement.
The present study con� rms the importance of solving the

vibrational kinetics of diatomic molecules to obtain detailed

information on nonequilibrium vibrational distributions in the
boundary layer of hypersonic � ows.
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